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Abstract—Non-linear filters consider probability density func-
tions in various non-parametric representations. They often
suffer from the curse of dimensionality. Computation of weights
over a grid of points becomes infeasible even for low dimensions.
Filters processing data produced in different sensor nodes provide
their own probability densities. Combination of such densities is
desired. A favourite paradigm is to construct a fused density
as a weighted arithmetic or geometric mean of the individual
densities. This paper prospects the fusion for tensor train
representation of densities produced by point-mass filters. In this
representation, the weights are neither evaluated for a whole grid
nor fully stored in the memory of the filters. Aspects of tensor-
train-based fusion are discussed, such as computation of auxiliary
characteristics and experience with numerical examples.

Index Terms—probability density fusion, point-mass filter,
tensor train decomposition

I. INTRODUCTION

Combination of processed data is a traditional problem in

diverse disciplines [1], [2]. No matter whether the data origi-

nate from sensors, financial statistics or expert judgements, the

combination is generally beneficial. Concepts like accuracy,

ambiguity and uncertainty are frequently introduced. Many

frameworks have been studied in the literature [3], but the most

widely-known is the probabilistic ”one”. The quotes in ”one”

have been used, since the axiomatic calculus can be used in

disparate ways. The fundamental division recognises outcomes

of repeated experiments and rationally-supported beliefs.

Fusion of probabilistic beliefs can be founded on axioms

[4], [5] like symmetry or zero preservation property, i.e. that

the results are independent of the order of the individual

beliefs and that the fused belief reports zero probability for

events with zero probability attributed by each individual den-

sity function. Another approach stems from the information-

geometry. Densities are perceived as points in an abstract

space and the objective is to minimise some distance cri-

terion. Weighted sum of Kullback–Leibler divergences (with

either order of the densities) is a canonical example [6], [7].

Weighted geometric and arithmetic means of the probability

densities are the arguments of the minima for the respective or-

ders; theoretical properties of the fusion rules and other aspects

have been discussed e.g. in [8]–[10]. Other examples include

Wasserstein or Siegel distance [11], [12]. If the densities are

not restricted to special parametric families like Gaussian

densities, difficulties with density representation emerge.

Densities can be approximated by Gaussian mixtures. Un-

fortunately, application of the weighted geometric mean of

Gaussian mixtures is not a closed operation; although the

power of a Gaussian density and the product of two Gaussian

densities are proportional to another Gaussian density, the

geometric mean does not generate Gaussian mixture. Sigma-

point based approximations have been studied in [13]–[15].

Particle filters [16] represent densities by random samples

with corresponding weights. The samples are drawn from a

sampling density and the weights are proportional to the ratio

of the represented density and the sampling density evaluated

in the samples. These densities correspond to state trajectories

of dynamical systems and are therefore inappropriate for the

fusion, which is interested in single-state densities [17], [18].

The key step is the design of the sampling density for the fused

samples [19]. Extensions to a semi-parametric representation

have been discussed in [20], [21].

Point-mass filters [22], [23] replace random samples by

deterministic grids. Since the densities correspond to the

state at a single time, they are better suited for the fusion.

The problem of fused grid nevertheless persists. Moreover,

the filters suffer from the curse of dimensionality, i.e. their

computational and storage requirements scale exponentially

with the dimension of the state. An alternative to the semi-

parametric approach has been proposed recently [24] and is

based on tensor train decomposition.

In the area of machine learning, tensors are multidimen-

sional arrays of numerical values [25], [26]. Matrices, i.e.

two-dimensional tensors, can be factorised by the SVD de-

composition. Truncation of small singular values leads to a

low-rank matrix approximation, which diminishes the storage

requirements. Several generalisations for higher dimensions

are available. The canonical polyadic decomposition has been

employed in [27], [28]. Series of small canonical factors can

be used to express tensors in the tensor train form [29] or in

the tensor ring form [30], [31]. There are many algorithms to

construct the decompositions. This paper considers the cross

interpolation algorithms for tensor trains [32]–[36].

The goal of the paper is to prospect the area of tensor-train-

based fusion. Storage requirements of the point-mass filter are

the main motivation.

Section II formulates the tensor-train-based fusion. Sec-

tions III–V show the design, experiments and conclusion.



II. PROBLEM FORMULATION

Section II-A introduces the fusion problem on a general

level. Section II-B shows the point-mass representation of

densities. Section II-C presents the tensor train form.

A. Weighted Geometric Mean of Densities

Let x be the state of a system. Dynamical systems are

considered, but the time index is omitted here for brevity.

Let two filters process their own measurements and produce

two conditional densities. The fusion is a heuristic step that

ignores the conditioning, treats the densities as two points in

an abstract space of densities and produces a fused density that

is later declared as conditioned by both sets of measurements.

Denote the individual density functions as p and q and the

fused density as f . The weighted geometric mean of densities

is given by

f(x) ∝
(

p(x)
)ω(

q(x)
)1−ω

, (1)

where the weight ω fulfils 0 ≤ ω ≤ 1 and can be pre-

determined by the user or tuned according to an optimality

criterion [6], [9]. The proportionality symbol ∝ denotes that

the geometric mean itself is divided by the integral over x,

such that f(x) integrates to one.

B. Point-Mass Densities

The point-mass filter approximates the continuous prob-

ability density function p by a piece-wise constant density

represented by a grid of N points x(i), their non-overlapping

neighbourhoods ∆(i) and weights P(i) according to [22] as

p(x) ≈
N
∑

i=1

P(i)1(x; ∆(i)), (2)

where 1(x; ∆(i)) is the indicator function that is equal to one

for x ∈ ∆(i) and zero otherwise. The values of the weights

P(i) are normalised, such that p(x) integrates to one.

Let the state x be d-dimensional, x = [x1, . . . ,xd]
T, and the

points x(i) be given by an orthogonal grid. The weights P(i)

are organised in a d-dimensional array with N1, N2, . . . , Nd

elements in the respective dimensions, such that it holds N =
N1 ·N2 · . . . ·Nd. Each index i can thus be replaced by a tuple

of indices (i1, i2, . . . , id) with the corresponding ranges.

C. Tensor Train Representation

The elements P(i1, i2, . . . , id) of a d-dimensional N1×N2×
. . .×Nd array P are expressed as products of d matrices [29],

P(i1, i2, . . . , id) = P1(i1)P2(i2) . . .Pd(id), (3)

where Pj(ij) are rj−1 × rj matrices with r0 = 1 and rd = 1.

The matrices Pj(ij) can be organised in three-dimensional

rj−1×Nj×rj arrays Pj , which are called cores, whereas the

values rj are called ranks. For high-enough ranks rj , the tensor

P can be represented exactly. Nevertheless, approximations

by tensor trains with low ranks rj are often adequate. This is

analogous to truncating the SVD decomposition of matrices

in order to obtain a low-rank approximation and can attenuate

the curse of dimensionality. Many algorithms for tensor-train

approximation have been implemented in [37].

III. DESIGN OF FUSION

Section III-A presents auxiliary computations of moments

and marginal densities for an axis-aligned grid. Section III-B

discusses the fusion.

A. Computations for an Axis-Aligned Grid

The grid of points x(i) can be given by N1×N2×. . .×Nd ar-

rays Xj for each element of the state, j = 1, . . . , d. For an eco-

nomical storage, the orthogonal grid should be axis-aligned; in

Matlab, such arrays can be obtained by the ndgrid function.

The tensor train representation of Xj assumes the factorisation

Xj(i1, i2, . . . , id) = X
j
1(i1)X

j
2(i2) . . .X

j
d(id). Each 1×Nj×1

array X
j
j is thus given by the corresponding j-th marginal grid.

For k 6= j, the 1 ×Nk × 1 arrays X
j
k are arrays of all ones,

X
j
k = 11×Nk×1.

The mean vector µ associated with the density p(x) can

now be approximated. It is assumed that the grid is fine-

enough, i.e. that the function g(x) = x can be approximated

as g(x) ≈ x(i), if it holds x ∈ ∆(i) for some i. This leads

to
∫

R
xp(x) dx ≈

∑N

i=1 x
(i)P(i)|∆(i)|, where |∆(i)| is the

volume of the neighbourhood ∆(i). For the orthogonal grid,

the volumes can be stored in a tensor train D with ranks

rj equal to one and the cores derived from the grid steps.

Auxiliary tensors Mj can be introduced as the element-wise

(Hadamard) products of Xj and D, Mj = Xj ◦ D. Since

all ranks of these two tensor trains are equal to one, the

product can be computed by the element-wise product of the

corresponding cores, M
j
k = X

j
k ◦Dk. Then, the components

µj of the mean vector µ can be approximated by the dot

product of the tensors Mj and P, µj ≈ Mj · P. The dot

and Hadamard products have been described in [29] and are

available in the TT-toolbox [37].

The covariance matrix Σ can be approximated analogously.

Auxiliary tensor trains Cjl, j 6= l, have cores C
jl
k given by

C
jl
k = 11×Nk×1 for k 6= j, k 6= l and by the shifted marginal

grids otherwise, C
jl
j (ij) = X

j
j(ij)−µj , C

jl
l (il) = Xl

l(il)−µl.

Tensor trains Cjj have cores given by C
jj
k = 11×Nk×1 for

k 6= j and by C
jj
j (ij) =

(

X
j
j(ij) − µj

)2
. The Hadamard

products with D and the subsequent dot products with P

lead to the approximation of the components of the covariance

matrix Σ.

Marginal densities can be computed by summing over a

subset of indices ik in (3) and multiplying by the lengths of the

neighbourhoods in the corresponding marginal grids, which

have been stored in the rank-one cores Dik . Matrices Kj of

sizes rj−1 × rj are introduced as Kj =
∑Nj

ij=1 Pj(ij)Dj(ij).
These matrices are then used to compute new cores of the

tensor trains of the marginal densities. For example, the

marginal density of x1 and x2 is represented by N1 × N2

matrix with the elements P(i1, i2) = P1(i1)P2(i2)K3 . . .Kd.

The core P1 remains the same as in the joint density, whereas

the new core P2 is now composed from the matrix products

P2(i2)K3 . . .Kd. Note also that for neighbouring indices, it

is possible to use the tensor dot product from the TT-toolbox

[37] for chunks of tensor trains.



It should be noted that the same operations appear many

times in the above computations. For example, the core K3

can be reused in the computation of the marginal density of

x4. Similarly, the computations of µ1, µ2, Σ11, Σ22 and Σ12

contain the computations of K3, . . . ,Kd in the products Mj ·P
and (Cjl◦D) ·P. Furthermore, see that a correctly normalised

density requires P ·D = 1, i.e. K1 . . .Kd = 1.

B. Fusion of Tensor Train Densities

The weighted geometric mean of densities is straightforward

on the general level (1), but its numerical implementation

for point-mass densities becomes painful. The problems are

analogous to those known from particle filtering [19].

First, the grid points x(i) and the neighbourhoods ∆(i) have

to be same for both p(x) and q(x). That means that at least

one density has to be extrapolated to another grid. Since the

fused density f(x) need not be concentrated in the areas of

high concentration of neither of the individual densities, the

preferred choice is to anticipate the moments corresponding to

f(x), design the common grid and extrapolate both densities

before the fused density is evaluated. The moments can

be anticipated by the fusion of moment-matched Gaussian

densities.

The key idea of the point-mass filters is to use orthogonal

grids that are rotated with respect to the coordinate axes

and scaled [22]. This will bring a small complication in the

computation of the moments and hamper the computation of

marginal densities for the tensor trains. Nevertheless, the main

problem of orthogonal grids is that they become inefficient in

high dimensions; see that the ratio of the volume of a unit

ball and the volume of the hypercube circumscribing this ball

decreases rapidly to zero. That is, many points at the corners

of the grid will correspond to negligible density values. An

efficient representation of the arrays P by tensor trains will

not alleviate this fundamental problem much.

For simplicity, this study assumes that the grids are axis-

aligned as in [24] and that both densities p(x) and q(x) are

already related to a common grid and represented by tensor

trains P and Q. Further, the fusion weight ω is fixed, i.e. no

optimisation of ω is needed. The tensor train F is sought.

Tensor trains are constructed as low-rank approximations.

Non-negativity of P(i1, . . . , id) is therefore not guaranteed.

Since the weighted geometric mean is defined for non-negative

numbers, it is proposed to trim the negative values. The cross

methods [32]–[36] can be used to construct the cores Fj of the

tensor train F without creating the full tensor in a memory.

Unfortunately, a general ω power with 0 < ω < 1 is not a

function that could be dealt with cheaply. A computationally

demanding construction will be adopted. The values for one

set of indices i1, . . . , id are given by a function

G(i1, . . . , id) =

=
(

max{0,P(i1, . . . , id)}
)ω(

max{0,Q(i1, . . . , id)}
)1−ω

(4)

that is used as an input to a function implemented in the TT-

toolbox [37], e.g. dmrg_cross (density matrix renormaliza-

tion group) [32], amen_cross (alternating minimal energy)

[33]–[35] or greedy2_cross (two-site greedy cross inter-

polation) [36]. The obtained tensor train G approximates the

non-normalised weighted geometric mean. The normalising

constant is obtained by the integral over the domain of x,

which is computed as the dot product G · D. The division

of G by this constant can be implemented as dividing one

core by the constant. The sought tensor F is thus given by

F = G/(G ·D).
The approximative nature of tensor trains emerges also in

the case of the fused tensor train F. Although non-negative

values are used during the construction (4), the resulting

numerical tensor trains G and F are approximate, i.e. they

are not guaranteed to provide non-negative values. This will

be reminded in the next section.

IV. EXPERIMENTS

Section IV-A introduces a four-dimensional example used

in numerical experiments. Section IV-B reports the observa-

tions regarding a general level of application of tensor trains

in estimation problems. Section IV-C continues with fusion

problems. Memory requirements are shown in Section IV-D.

A. Example Settings

Let the state x be four dimensional, x = [x1,x2,x3,x4]
T,

and normally distributed, π(x) = N (x;µ,Σ). Let the mean

vector µ and the covariance matrix Σ be given by

µ =









50
50

−200
−200









, Σ =









0.01 0 1.5 0
0 0.01 0 1.5
1.5 0 400 0
0 1.5 0 400









. (5)

For a fixed measurement z and a known position s of a radar,

s = [s1, s2]
T, let the likelihood function of the state x be

given by `(x; z, s) = N
(

z;h(x, s),R
)

, where the non-linear

function h(x, s) is defined as

h(x, s) =

[√

(x1 − s1)2 + (x2 − s2)2

atan2(x2 − s2,x1 − s1)

]

(6)

with atan2 being the four-quadrant inverse tangent function.

Consider two radars with different positions sp and sq but the

same covariance matrix R and let their values be given by

sp =

[

0
0

]

, sq =

[

40
0

]

, R =

[

0.0025 0
0 0.0004

]

. (7)

Ignoring the conditioning by measurements, the densities p(x)
and q(x) are given by

p(x) ∝ `(x; zp, sp)π(x), q(x) ∝ `(x; zq, sq)π(x), (8)

where the following values are used, zp = [70.7, 0.832]T,

zq = [50.9, 1.37]T.

The marginal grids are designed as 4-σ intervals with

81 equidistantly spaced points, i.e. the cores X
j
j are given

by X
j
j = µj +

√

Σjj [−4,−3.9, . . . , 4] (and have size

1 × 81 × 1). The neighbourhoods of the four-dimensional

points x(i) have a constant volume |∆(i)|, which is given

by (Σ11Σ22Σ33Σ44)
1

2 0.14, i.e. |∆(i)| = 0.004. The cores Dj

have the size 1× 81× 1 and contain the values (Σjj)
1

2 0.1.



B. Individual Tensor Trains

First, the tensor train Π representing the prior density π is

computed. Various functions from the TT-toolbox [37] have

been tested. All of them are stochastic, which complicates

the evaluation. The greedy2_cross method is unreliable

in the inspected case (5); many times, the provided marginal

densities have been negative, sliced or distorted. The reason

why the case (5) is difficult to deal with is that the components

x1 and x2 are independent, but x1 and x3 are dependent.

Similarly, the components x4 and x3 are independent, but

x4 and x2 are dependent. Also, the components x1, x2 are

conditionally independent for given x3, x4. Neither the rank

r1 nor the rank r3 is equal to one. Even for two-dimensional

Gaussian densities, the ranks needed to approximate the joint

density with a given precision increase rapidly with an in-

creasing absolute value of the correlation coefficient. Higher

correlation implies that the Gaussian density is concentrated

in a smaller area of the axis-aligned grid. That is, finer grids

are needed. The amen_cross and dmrg_cross methods

are slower, but they have performed better, although they are

not immune to the high-correlation problem.

Next, tensor trains Lp and Lq representing the likelihood

functions have been computed. Since the likelihoods do not

depend on x3 and x4, the ranks r2 and r3 are equal to one.

A two-dimensional array actually need to be approximated by

the likelihood tensor train and hence, the greedy2_cross

method is appropriate here. According to (8), auxiliary tensors

Bp and Bq are obtained by Hadamard products, Bp = Lp◦Π,

Bq = Lq◦Π. The matrices Bj(ij) forming the cores are given

by taking the Kronecker product of the matrices Lj(ij) and

Πj(ij) see [29] and therefore, rounding to the precision of

the likelihood tensor trains is applied to keep the ranks low.

Finally, the tensors B are divided by the sums of their elements

and by the constant volume of the neighbourhoods ∆(i), which

can be achieved by dividing one core by the divisors. The

tensors P and Q fulfilling P ∝ Lp ◦Π and Q ∝ Lq ◦Π are

thus obtained in the tensor train representation. See that all

necessary functions (.*|times, round, sum, /|mrdivide)

are implemented in the TT-toolbox [37].

The tensor train representation is known to be sensitive to

the order of the state components. In this example, the order

x1, x2, x3, x4 (x-position, y-position, x-velocity, y-velocity)

is disadvantageous from the perspective of the prior tensor

train Π. The order x1, x3, x2, x4 would be preferred in Π, but

it would be detrimental in L. The order x3, x1, x2, x4 would

satisfy both Π and L in this four-dimensional static example,

but the addition of dynamics or of two z-components would

not admit a convenient ordering.

C. Fused Tensor Trains

The fusion weight ω has been chosen as ω = 1
2 for sim-

plicity. The non-normalised tensor train G has been computed

by the greedy2_cross method. This was the slowest part

of the computations due to the absence of vector-wise access

to the elements of the P and Q tensors. A more efficient

implementation would be needed. The fused tensor train F
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Fig. 1. Comparison of 3-σ ellipses obtained from an EKF filter (solid ellipses)
and the tensor train representation (dashed ellipses) for all combinations of
the state components. Prior density π (dark grey), local densities p and q
(light grey) and the fused density f (black).

has been obtained by normalisation. Thus, the moments and

marginal densities can be compared next. For a given mean

vector µ and covariance matrix Σ, the n-σ ellipsoids are given

by E(µ,Σ) = {x|(x − µ)TΣ−1(x − µ) = n2}. Ellipses are

two-dimensional ellipsoids.

Fig. 1 compares the 3-σ ellipses of the π, p, q and f
densities. The limits of the axes correspond to the limits of

the respective grids. In order to check appropriateness of the

tensors, Extended Kalman filter has been used to provide

analytical approximations of the moments. It can be observed

that the tensor-train-based ellipses (solid) and the analytical

ones (dashed) are close together. It has to be confessed that

the figures show a carefully selected situation. Other situations

would be hard to deal with by any grid-based filter. First,

different measured values zp, zq can lead to significantly

shifted ellipses. In extreme cases, the theoretical ellipses for

p, q and f can leave the grid. Second, higher values of

elements Σ13 and Σ24 in (5) produce ellipsoids with smaller

volumes, while the ellipsoids are not axis-aligned. The tensor

train decompositions lead to high ranks in such cases and

the methods need not converge. Since the algorithms are

stochastic, they can stuck in a local minima and stop before

the chosen precision is achieved.
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Fig. 2. Contour lines of x1-x2 marginal densities corresponding to the prior
density π, local densities p, q and the fused density f .

Figs. 2–4 show selected marginal densities of π, p, q and

f . Namely, six contour lines are shown for positive levels

and if it is present, the contour line for zero is shown as

well. It can be seen that in the corners of the grids, the

tensor train approximation produces negative values. In the

considered run of the stochastic algorithms, the minima for

the respective marginal densities were 2.2e-09, -1.6e-08,

-7.1e-09 and -5.4e-3 in Fig. 2, whereas they were

3.5e-14, -1.7e-09, -2.0e-08 and -1.2e-09 in Fig. 3

and -7.2e-05, -8.2e-05, -1.1e-4 and -4.6e-05 in

Fig. 4. The minima for the joint densities have not been

inspected, since full tensors were nowhere constructed. The

negative values can lie far from the mean vector, see Fig. 3,

or relatively close to it, see Fig. 4. Since the fused density f
approximates the geometric mean of p and q, the contour lines

for the zero level of f can be very twisted.

D. Memory Requirements

The full 4-dimensional arrays with Nj = 81 points in

each dimension would occupy 43 046 721 data cells. In

the experiment shown in Figs. 1–4, the cross algorithms for

Π, Lp and Lq stopped at the ranks shown in Table I. The

amen_cross used to compute Π sometimes stopped prema-

turely in other runs, e.g. with ranks {1, 7, 8, 7, 1} and visibly

poor approximations of the density. For Σ13 = Σ24 = 1.5,

the greedy2_cross failed repeatedly, even after hundreds

of sweeps. Another critical point is the computation of the

non-normalised tensor trains Bp, Bq , which require much

more memory than the others. The rounding with the precision

parameter 1e-8 leads to P and Q with memory requirement

comparable to that of Π. The toolbox implementation of the

greedy2_cross used for the fusion is slow; the computa-

tion was terminated after 20 sweeps, i.e. at the ranks 21.
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Fig. 3. Contour lines of x3-x4 marginal densities corresponding to the prior
density π, local densities p, q and the fused density f .
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Fig. 4. Contour lines of x2-x4 marginal densities corresponding to the prior
density π, local densities p, q and the fused density f .

TABLE I
RANKS OF CORES IN THE CONSIDERED RUN AND THE NUMBER OF DATA

CELLS IN THE MEMORY. FULL TENSORS OCCUPY 43 046 721 DATA CELLS.

tensor train r0 r1 r2 r3 r4 memory

Π 1 16 26 16 1 69 984

Lp
1 28 1 1 1 4 698

Lq
1 14 1 1 1 2 430

Bp
1 448 26 16 1 1 014 768

Bq
1 224 26 16 1 524 880

P 1 22 26 14 1 78 732

Q 1 18 26 14 1 69 984

F 1 21 21 21 1 74 844



V. SUMMARY

Tensor decomposition has been applied in point-mass filters

to approximate probability densities over orthogonal grids

of points. Fusion of two densities by a weighted geometric

mean has been considered. Basic computations have been

discussed first, the fusion framework has been designed next

and experiments have been conducted last. Numerical aspects

have been pointed out. Namely, the performance of the cross

methods for a four dimensional system has been evaluated with

respect to convergence, precision and memory requirements.

It can be concluded that the curse of dimensionality can be

alleviated by the tensor train representation, but it cannot be

broken in estimation problems.
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